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We use a model where the cosmological term can be related to the chiral gauge anomaly of 
a possible quantum scenario of the initial evolution of the universe. We show that this term is 
compatible with the Friedmann behavior of the present universe. 
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I. INTRODUCTION 

The idea of a varying cosmological constant is not new 
but has been systematically examined in the last two 
decades ]lj. In particular, with the advent of the infla- 
tion mechanism and with the difficulties related to the 
graceful exit problem ||, various authors were forced to 
consider A as ground state of a scalar theory ||. How- 
ever, we may say that the first concrete mechanism for a 
varying A was proposed by Dolgov H based on a nomin- 
imally coupled scalar field. A sequence of other papers 
come afterwards, but all of them also based on scalar 
fields §. 

In a previous work |J we have presented a differ- 
ent model for a time dependent cosmological "constant" 
based on gauge fields where its origin was related to a 
possible quantum scenario of the initial evolution of the 
universe. This was achieved by showing that the chiral 
gauge anomaly could be conveniently adapted in order to 
generate a cosmological constant. In this way, the pres- 
ence of this term today would be a reminiscence of that 
initial quantum behavior of the universe. 

In the present paper, we are going to consider a partic- 
ular scenario where the geometry is initially Bianchi-like 
(spatially homogeneous but anisotropic) 0. We show 
that the evolution obtained from the Einstein equations 
in the presence of the cosmological term (as well as the 
Maxwell one) leads to an asymptotic solution that is com- 
patible with the Friedmann universe || ^j. 

Our paper is organized as follow. In Sec. II we review 
the general features of the model. The application is done 
in Sec. III. In Sec. IV we deal with the solution of the 
particular Einstein equations. We left Sec. V for some 
concluding remarks and introduce an Appendix to show 
some details of the calculations. 
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II. REVIEW OF THE MODEL 

Let us consider an action with the following general 
form il 



S A = J d 4 x^Y(g) 



(2.1) 



where g is the determinant of the metric tensor and Y 
is some function of an invariant quantity Q which is con- 
structed in terms of a gauge field strength G* v and its 
dual *Gf tv — I n^px G apX as 



g = * G a^Qa^ 

We are using the following definition for fj^ypx 



Consequently, 



p p,vp\ 



(2.2) 



(2.3) 



(2.4) 



where e M „ P A and e MI/pA are the usual Levi-Civita tensor 
densities (eoi23 = 1)- 

The variation of S\ with respect the metric tensor 
leads to 



SS A 




(2.5) 



We then observe that the action S\ contributes to the 
energy-momentum tensor with a term that is propor- 
tional to the metric tensor. This is interpreted in the 
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Einstein General Relativity theory as a spacetime depen- 
dent cosmological constant, 



The equations of motion SS/Sg^ = 0, 6S/5A^ = 0, and 
SS/Sip = lead respectively to 



A = Q — Y 
dQ 



(2.6) 



For a question of simplicity, we shall consider the field 
strength of the Maxwell electromagnetic theory where 
there is a natural realization of this model coming from 
the chiral gauge anomaly. For instance, from the path 
integral formalism of quantum matter and gauge fields in 
a classical curved background one obtains to the following 
effective action Jh], |n} 



S cS = °- j d A x^a{x)n^ px F^F pX 



d A x \/—g a(x) G 



(2.7) 



where 6 is a constant and a(x) is the gauge parameter 
related to the chiral gauge transformation. 

The manner in which the effective action above is pre- 
sented it is not appopriated to be directly related to 5a- 
This is so because since it is linear in G and cannot gen- 
erate a cosmological term A, as can be verified in Eq. 
( |2.6| ). However, this problem can be circumvented by 
conve nien tly taking the generic function a(x) of the ac- 
tion (2.7) as G p , where p is, at first, any rational num- 
ber . In this way, the cosmological action S\ turns to 
be 



10" 



(2.8) 



We observe that for p = — 1 we have an actual cosmolog- 
ical constant in the Einstein equation. 

The next natural step is to consider this idea in some 
cosmological model in order to see the way that the cos- 
mological term, coming from Eq. (2.8), modifies the dy- 
namics of the Einstein equation. 

III. APPLICATION OF THE MODEL 

Let us start from the general action 
1 „ 1 



5' 



B F F^ v 

2k 4 

+ - A e{F llv F*^Y +1 

+ i^y(Vu-*eAJ^l (3.1) 



1 The way of circumventing this problem here is slightly different 
of the original paper |p| . There, we have redefined the gauge field 
in order to incorporate a nonlinearity of Q. 



C =—F F a —-a F aF af3 

-Y9^ F °^ F * af3 ) P+1 + T ^ (3-2) 
F^. v - (p + l)e[(F a0 F*^r] v F*^ 

= erh M ip (3-3) 
y(V^-iaA p )^ = (3.4) 

where = R UL , — ^g^R is the Einstein tensor and the 
cons tant k of (EO) was taken 1. In the obtainment of Eq. 
(|3.3|) it was used the (Bianchi) identity 



F 



= 



(3.5) 



We shall consider that F^ u = F^(t). So, taking v = 
in Eq. (3.3), as well as [i = 0, we get 



■0 7 ^ = ipty = 
ip = 



(3.6) 



From Eq. ( |3.5| ) we also have that only F* l ° can be ob- 
tained. Using the Bianchi-like metric 

ds 2 = dt 2 - a 2 (t)dx 2 - b 2 (t)(dy 2 + dz 2 ) (3.7) 
and just taking that F* 10 ^ 0, we have 



F* 01 = 
v-gf ;0 



=> (V 3 3^ 01 ), = o 

p*01 



—g F = constant 
ab 2 



(3.8) 



where, in the last step, the constant was ide ntified as Bo 
and we have used th e me tric given by (3.7). From this 
result and using Eq. (2.4) we directly infer that 



-F23 — —Bo 



(3.9) 



However, the solution for F 10 d epends on p. In fact, 
taking v = and /i =1 in Eq. (3^3) and using the results 
given by fl3.6|) and (3.8), we obtain 



ab 



2 F w + (p + l)6B^ 1 [ 



p+i [2aF 



10 



b 2 



Eq 



(3.10) 



where E was chosen to identify the constant that ap- 
pears in the solution of the corresponding differential 
equation. 
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Our goal from now on is to look for if there exists some 
value of p that renders a consistent solution for the Ein- 
stein equations (3.2) having in mind the Friedmann be- 
havior of the present universe. This will be the subject of 
next section. We conclude the present section by empha- 
sizing the importance of the Maxwell term, —jF^F^, 
into the initial acti on (3.1). Without it, the only possi- 
ble solution of (3.3) would just be an actually constant. 
Indeed, taking ip — and v = in Eq. (3.2), we get 



F 



iO 



( P + i)e[(F al3 F* a ^ 



. F 



*i0 



o 



(3.11) 



where the first term of the expression above comes from 
the Maxwell term. We then observe that without it we 
would obtain that (F a pF* a/3 ) p should be a constant for 
p / -1 [for p = — 1 , th e cosmological term is also a 
constant according to(2.8)]. 



and (3.9), we obtain that the Einstein equation (|3T 
leads to 



ab 
ab 



b\ 2 



(?) 



6\2 



(!) 



b a ab 
b a ab 



E 2 b 4 



lr.Bg, 

b 4 (b 4 + 26B a f 

(b 4 + 28B ) 2 
iri?o 2 



E 2 b 4 



b 4 (b 4 + 29B ) 2 
20EqBq 
(b 4 + 26B ) 2 



E 2 b 4 



b 4 (b 4 + 29B ) 2 
^E 2 B 2 
(b 4 + 26B ) 2 



(4.2) 



(4.3) 



(4.4) 



IV. PARTICULAR SOLUTION OF THE 
EINSTEIN EQUATION 



We have seen that to avoid an actual cosmological con- 
stant and the trivial case without any cosmological term, 
p cannot have the values zero and minus one, respec- 
tively (and the Maxwell term has to be present in the 
Lagrangian) . In order to have a general view of the phys- 
ical behavior of the Einstein solution with the value of p, 
let us initially choose p = 1 . This corresponds to one of 
the simplest solution of Eq. (3.1C), that is 



F 



E Q b 2 



a(b 4 + A9B 2 ) 



(4.1) 



We observe that the term related to the cosmological 
constant has a behavior of b~ s when b goes to infinity 
(the behavior of the radiation term is with b~ 4 ). Conse- 
quently, the cosmological term should disappear before 
the radiation era, what is not consistent with the Fried- 
mann universe, where a = b (notice that it is the Maxwell 
term which does not permit to have a = b in the last two 
equations). 

From the above results, it is not difficult to conclude 
that possible values of p that should be compatible with 
this asymptotic behavior must stay between zero and mi- 
nus o ne. H owever, for these values of p, the solution of 
Eq. (3.10) is not so direct as in the pr eviou s case. For 
example, taking p — —1/2, where Eq. (3.10) becomes a 



Combining this result with the ones given by (3.C), (3 



cubic equation with one real root that is given by (see 
Appendix A) 
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\2bBnJ | V 



32^ 
279 2 B b 4 



32£3 
278 2 B Q b 4 



(4.5) 



r 



For 6^0, the terms 32E^/276 2 b 4 B is < 1 as b -> oo. 

Making appropriate expansions in the above relation, we 

obtain the following asymptotic and simpler solution for 
F io 



F 10 = — 



6 2 B 
b 2 



(4.6) 



With this approximation, the Einstein equations read 



ab 
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-B 2 


i 




ab 




~ 2 


.b 4 


V Ab^ 





b\ 2 



] b + (b) 



a. 
a 



ab 
ab 



(0Bl\- 3 



4 V / 2 6V b 
1 

' b 4 ' 46 V b 



9 /6B, 



2, I 



4V2&V b 



Bl 6,61% 
b 4 46 V b 



6 (6Bt 
4\/2&V b 



(4.7) 



(4.8) 



(4.9) 
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Now, the cosmological term behaves as 6~3, that de- 
cay slower than the previous &~ 4 of the radiation term. 
However, there is also a term with the behavior of b~s 
in the Maxwell counterpart and this last term avoids the 
obtainment of a Friedmann behavior we are looking for. 

From this analysis, we see that the solution of ( 3.1C| ) 
leads to a behavior for the cosmological term that is lower 
than &~ 4 for — 1 < p < 0. However, there is also a term 
with this behavior in the Maxwell counterpart. What 
may happen is that, depending on the value of p, one 
term may dominate relatively to the other. To see if thi s 
actually occurs we need to know the solution of ( 3.10| ) 
for a general p (between zero and minus one). Of course, 
this is not an easy task. However, we observe that the 
asymptotic solution for F 10 
been directly inferred from ( 



lven by ( |4.6|) could have 
lfl) by discarding the con- 



stant term En. It is then easily seen that any asymptotic 
solution for any p between zero and minus one can be 
obtained in the same way. The result is 



F 



10 



1 

2a 



-2(l+p)0 



Bo 
b 2 



1+p 



(4.10) 



which is in agreement with (4.6) if one takes p = —1/2. 
We should not worry about the minus sign inside the 
y^-root of equation above because F w always appears 
squared in the calculations of significant quantities. Now, 
the obtainment of the Einstein equations is just a matter 
of algebraic work. The result is (we conveniently put the 
two terms with the same behavior for higher b together) 



J 



2 ab 
ab \b 



6\2 



Esl _ (i 

26 4 VI 

- ( i+*Kf) 



p2~P 



6\2_ Bl /p2-P 
b) ~W~\i+p 

b a ah _ B% / p2~P 
b + a + ab~ W~ \l+p 



■Bn\ 1 +P 



(4.11) 

(4.12) 

(4.13) 
(4.14) 



where in the terms that appear (^p p 
1), the first part comes from the cosmological term and 
the other one from the Maxwell counterpart. We then 
observe that as p is closed to minus one the cosmological 
term is more and more dominant and, consequently, the 
solution tends more and more to the Friedmann scenario. 
In the limit case of p = —1, the Maxwell term disappears, 
and just remains an actual cosmological constant as it 
had already been pointed out in the beginning. 
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) or (£2-1 - 

> \ l+p 



closed to minus one as the solution is compatible with 
the Friedmann scenario. 

A next natural step in this research line is t o loo k for 
the solution of the Einstein equations (4.11) - ( 1.13] ). We 
are presently work in this problem and possible results 
shall be reported elsewhere 
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V. CONCLUSION 

In this paper we have analyzed further the recent 
proposal^ of a cosmological scenario in which the cos- 
mological "constant" is spacetime dependent and whose 
origin is related to a primordial era, supposed dominated 
by quantum effects. 

In order to see if this model is actually compatible with 
the observable universe, where the anisotropy rate is con- 
siderable low [like Friedmann- Robertson- Walker (FRD)], 
we leave a parameter free (p) in the theory. We conclude 
that it can vary from minus one to zero, where these 
limits mean an actual cosmological constant and no cos- 
mological term, respectively. We have show that as p is 
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APPENDIX A: SOLUTION OF (3.10) FOR P=-l/2 



TheEq. (3. 1C) for p = -1/2 reads 



2 cilO 



ab z F 



9b / Bp 
2 V 2aF 10 



— En 



(A.l) 



This expression can be written in a cubic equation whose 
general form is 
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we obtain 



u + a\u + a,2u + 03 = 



where 



u = 
ai 

'Ij = 

a-3 = 



! 2aF w 
B 



2En 



Bob 2 



B b 



From the discriminant relation 



D = Q 3 + R 2 



where 



Q 



R = 



3a2 — a? 



2E n 



9 3B b 2 
9aia2 — 27a3 — 2a\ 
54 ' 



2B b 



(A.2) 



(A.3) 

(A.4) 

(A.5) 
(A.6) 



D = - 



8E% e 2 

275^6 + 4B 2 b 2 



(A.7) 



We observe that in the region for higher b, D is positive 
(for 6^0). Consequently, just one root is real for this 
region and it is given by 



(A. 



where 



S = \/R 

T = \J~R-Vd (A.9) 
The com bina tion of (A.6) - flA.9|) leads to the solution 



given by (4.5) 
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